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Higher-Order Eigensensitivity Analysis of a Defective Matrix

Zhen-yu Zhang* and Hui-sheng Zhang"
Fudan University, 200433 Shanghai, People’s Republic of China

Under the assumption that all of the eigenvalues of the eigenproblem for the first-order perturbation coefficients
of the eigenvalues are simple and nonzero, a direct method is given for calculating the first- to third-order pertur-
bation coefficients of the eigenvalues and the first- to second-order perturbation coefficients of the eigenvectors of
a defective matrix. The method is extended to the case where one of the first-order perturbation coefficients of the
eigenvalues associated with the lowest-order Jordan blocks is zero. Numerical examples show the validity of the

method.
Nomenclature

A = concernedn X n matrix

B = n x n perturbation matrix

dy,...,d. = differentorders of Jordan blocks of A associated
with eigenvalue A (It is assumed thatd; < --- <
d, whenr > 1.)

w = matrix whose columns are all of the eigenvectors
of the perturbed matrix A + ¢B associated with
d,th-order blocks of A correspondingto A

w® = kth-order perturbation coefficient matrix
of W(k=>1)

£ = small positive perturbation parameter

A = diagonal matrix whose diagonal elements are all
of the eigenvalues of A + B associated with
d,th-order blocks of A correspondingto A

A® = kth-order perturbation coefficient matrix
of A (k>1)

Ao = concerned eigenvalue of A

Superscripts

H = transpose and complex conjugate of a matrix

- = complex conjugate of a variable

Introduction

HERE are many important applications of eigensensitivity

analysis to dynamical analysis, identification and modifica-
tion of engineering structures, vibration control, and optimization.
The sensitivity analysis of simple eigenvalues is easy. The sensi-
tivity analysis of repeated eigenvalues is much more difficult, and
most of the work is concentrated on the nondefective system.' =
However many defective systems can be encounteredin practice.*
There are only a few works on eigensensitivity analysis of a de-
fective system because of its difficulties. Luongo® and Zhang and
Zhang® gave the methods for calculating the first-order perturbation
coefficients of the eigenvectors and some higher-orderperturbation
coefficients of the eigenvaluesof a defective matrix. It is well known
that the eigenvalueproblem of a defective matrix is very sensitiveto
perturbations.” Therefore there are requests in practical engineering
to do some higher-ordereigensensitivityanalysis of a defective ma-
trix. Besides, the methods in Refs. 5 and 6 cannot be applied to the
case where some of the first-order perturbation coefficients of the
eigenvalues associated with Jordan blocks with order greater than
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one are zero. The purpose of this paper is to give the method for
calculatingthe higher-orderperturbationcoefficients of eigenvalues
and eigenvectors of a defective matrix and to extend the method to
the case where some of the first-order perturbation coefficients of
the eigenvaluesare zero.

Formulation of the Problem

Suppose that in the Jordan canonical form of A associated with
A? there are s (k) blocks with orderd(k)(k=1,...,r). Let 'U(,,k) and
u; ) be, respectively, the left eigenvectorand the /th-order principal
vector associated with the jth block of orderd(k)[I =1, ..., d(k);
j=1,...,s8(k);k=1,...,r]. Define

A=A—l, V¥ = ['v(l"), . rugfg)], v*0 =0
Uk = [ujk-”, ...,u;fg;], I=1,....dk), k=1,....r
Then V® and U*" can be made satisfying
A~U(k.l) — U(k.lf 1)
V(-i)HU(k") _ Ij(k), Whel’l j = k7 l = d(k)
0, otherwise
I=1,....dk), jk=1,...,r

Now we investigate the variations of the eigenvalues and eigen-
vectors associated with the s(#) blocks of order d(t)(according to
the increasing orders t =1, ..., r) when A is perturbed by ¢B. In
this paper it is assumed that the perturbed problem is nondefective.
Thus the perturbed problem can be expressed as

(A +eB)W = WA (1)

where the columns of W=[w,, ..., wy,] are linearly indepen-
dent eigenvectors of A + ¢B and the diagonal elements of A =

diag [Aq, ..., Ay ] are the corresponding eigenvalues. Define the
known s(j) x s (k) matrices
Q(j.k) = yWHBgy*.H j k=1 r
In this paper it is assumed first that
(k k) (k,r)
def Q
Ay =1 - | #0, k=1,....,r Q)
Q(r.k) Q(r.r)
Expand W and A in the Puiseux series of &:
00 00
W= Whit, A=Y ADy 3)
k=0 k=0

where

v v =d(t),

k) _ |, &% ()
W = [wl ,...,wsm]

n=e A(O) = )\015(,)

AP = diag[k(lk), e Aif;)], k=0,1,...
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The columns of W' are a set of linearly independentdifferentiable
eigenvectors of the unperturbed problem. The main purpose of this
paper is to calculate W@, W® and A®, (k=1,2,...). In this

paper it is assumed that each column of WO is so normalized
)

that W0 the first among the components with largest absolute
value in'column w(O) is1:
w? =1, j=1..,50 (42)

e(j).j

Thereforeifitis stipulatedthatw ;, the columnof W, is sonormalized
that its corresponding componentis 1:

Wej,;j = 1, j=1...,5(0) (4b)

then when k> 1, w(k) the corresponding column of W®, must
satisfy the condition’

o _
Wy =0,

j=1,...,s(), k=1,2,... (4¢)

Substituting Egs. (3) into Eq. (1) and comparing the coefficients
of the powers of 1, we obtain

j
AWD — Z WU-RA®,

k=1

i
AW = Z WU-bA® _ pwli-v

k=1

The equation for W® is®

r—1
AW® = E :Ulk AW olkv —d (] A OO E :U(" v k0 A (1)

k=1 k=t
~BW©® + GO £ RO 1+ GO 6)

The expressions of G® and G, which we have used and will use
in this paper, are defined by

(—1di)—1
G(’) — E E U(k.,i)Eld(k)+l.u+I.k.j]
k=1 j=1
r v
+ E E U(k.,i)E(u+I.u+l.k.j)
k=t j=1
(—1di)—1
Gh = § E Ukt DEAE L+ Lk )
k=1 j=1
r v—1
+ E E U(k/+l)E(u+Iu+lk/)
k=t j=1
where
m J
Lk,j) def E : Kl — E : h
E(m kD) < C p)7 l_[A( q)
p=J hhjzl g=1
hy+-+hj=p
i k.j k. k.
and C*9) =& =" ... E(,)’)] is a s(k) x s(t) coefficient
matrix to be determined (k —1 ;73 J=0,1,...). On the right-

hand side of Eq. (6), all of the terms except R(O) are in M(A), the
ranger of A. From the solvability condition of Eq. (6), VW¥R® =0

(j=1,...,r), we obtain®
wo,
,
. ZU</<.2>C</<.0>A<1>
W(l) — ’
k=t
"

E k2 k,0 1 —-1,1 —-1,1
U( )C( )A()+U(1 )C(I )7

k=t

|:Q(’-’>+ Z Q(r.k>Q<k>i|C<r.0> — COAD )

k=t+1

where the known quantities Q¢+ ", ..., Q" are defined by

IVQ(1+1)—| Q(r+l.r+l) Q(r+l.r) -1 |'Q(r+1.t)—|

'(,_) Q(r.r +1) Q(r.r) (;__[)
0 0
Q(r+ L.1)

& _0 : ®)
Q(r.f)

Equation (7) is an eigenvalue problem with the columns of €0
as its eigenvectors and the diagonal elements of AD" as its cor-
responding eigenvalues. In this paper it is assumed that all of the
eigenvalues of problem (7) are simple.

Casel: Ay #0(k=1,...,r)

In this case for any ¢ all of the eigenvalues of problem (7) are
nonzero, that is, A" is nonsingular (see the appendix in Ref. 6).
Take arbitrarily s(7) linearly independent eigenvectors of problem
(7) and constructan s(¢) x s(t) matrix C":? with these eigenvectors
as its columns. Define

WO — [”7(10)7 N Wi?f))] def |:U(’ oy Z Ut 1>Q<k>i|c<r 0
k=t+1
If the first amon% the components with largest absolute values in
column w0 is we(,) ; Li=1,...,s()], then the columns of c0
and W© are determined by
>/u”;§‘j_j,)_j, j=1,...,50)

O _z0 [0 @0 _ (0
Wi =W, /wem..w ¢ =

Thus C*9, C("-f” = Q(k>C(’-0>(k =t+1,...,r) and WO are deter-
mined. Then CU" ~¢W1 (j =1,...,¢— 1) can be determined by

Cliv =4l = |: § oihck 0>i| A(l)*“‘”

k=t

©)

Then R defined in Eq. (6) can be determined and W =AR©®
can be calculated, where AV is any generalized {1}-inverse of A.
The general solution of Eq. (6) can be expressed as

W = W + GO + Z Uk k)
k=1
Substituting all of the preceding results into the equation for
W®+D in Egs. (5b), we obtain
t—1

AWOHD = WO AD 4 Z pik-dG1 py(1.k.k)

k=1

+ Y U*IptEn — WD + GO L RD + GV (10)

where D70 is defined by
DI = Clivt1=di AW 4 g gycliv=d@n AW O A @)

All of the terms except R on the right-hand side of Eq. (10) are
inM(A). Whent > 1andd(t)=d(t — 1)+ 1,C*~ "V has been cal-
culated by Eq. (9). Therefore the following defined quantities are
known:

v=1
t=1, v>1 or t>1, v>dit—1)+1
otherwise
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FOD = VO [WOAD —BWO], =1

From the solvability condition of Eq. (10), VW#RM =0 (j =1,
..., 1), it follows that

r

E Q(.i.k)C(k.l) :D(l.j.j) +f(l.j)

k=t

j=1,...,t (11a)

CchtY =0 cth 4 gth, k=t+1,....r (11b)

where g0 (k=t+1, ..., r) are defined by

|'g<1.r+1>‘| |’f<1.r+1>‘|
Lo ] L ]

andQ® (k=t+1,...,r)andQ aredefined by Eq. (8). Substituting
Eqgs. (11b) into the tth equationin Egs. (11a) and using Eqs. (7), we
obtain

A(l)“é(l.l) _ é(f.l)A(l)“ — 1)A(l)“*lA(Z) +f(l) (12)

where the s(f) x s(¢) matrix C*" =[¢""] and the known matrix
fO= [f(i)] are defined by

m

.
A1 0)~! A1 ) _ ~a,07! 1, § : k) o (1,k
C(I ) — C(I ) C(I )7 f( ) — C(I ) |:f( n__ Q(I )g( )i|

k=t+1

Comparing the diagonal elements of the matrices on both sides of
Eq. (12), we obtain A®:

(1)
f.i.i

)\(,2) — _ —,
J [N 1
V}‘i

j=1,...,50)

Comparing the nondiagonal elements of the matrices on both sides
of Eq. (12), we obtain the nondiagonal elements of C"*":

J#k, Jok=1,...,5(n)

By using Egs. (11b), the expression for W' can be rewritten as

By using Egs. (4a) and (4c), the diagonal elements of C"" can be
obtained from Egs. (13):

5(1)

~) _ © =), (D)

Cij = Zwe<.f>.kck.f t 8|
k=1

k#j

j=1,...,5()

Now C*V is completely determined. Thus, C*-V =C"O€¢D,
CkD =QWCtD g0k (k=r+1,...,r), and W defined by
Eq. (13) can be calculated in turns. Using Eqgs. (11a), we obtain

Cliv+1-dh] |:ZQ<./’./<>C</<.1> — d(j)Clv a0

k=t

W= A @) L [ A&
x A A® — DA ,

Then R defined in Eq. (10) can be determined, and W®*+" =
ADR®D can be calculated. The general solution of Eq. (10) can be
expressed as

’
woe+h :W(U+l)+G~(l)+ E y*Hoky+1

k=1

Substituting all of the preceding results into the equation for
W +2 in Egs. (5b), we obtain
r—1 r
AWO+D — Z Uikl p@kh) 4 Z UkOpELD 4 e+h oM

k=1 k=t

+WOVA? — BW? + GP LR 4+ G? (14)
where D70 is defined by
D@k _ cliv+2—dd) p )

+d(k)clj.u+l—d(k)]A(l)d"‘)’lA(Z) + Cliv—dw

)d(k)—l

A(3)

x {d(k)A“ + 2OE® ~ 11 1]A<1>“‘“2A<2>2}

2

All of the terms except R® on the right-hand side of Eq. (14) are in
N(A). Define the following known quantities:

W(2)7 v=1

W 4+ Z Ut [CEDAD 4 ROAD], b =2
T= k=t

Z {U("-3)C("-0)A('>2 +U*? [C("-“A“) +C("-0)A(2)]} b2

k=t

t—1

T+ Y UV, 1>,

WO — k=1-2
T_f_U(r—l.l)C(r—l.Z)7 1‘227
T, otherwise
FI =y [WOHDAD 4 WA —Bﬁ/(”],
Wb = wOCED 4 0 (13)

where the known n x s(t) matrix g = [g'))] is defined by

gl = WO 4 Z Ukhgio

k=t+4+1

v=dit—-—1)4+1 or t>2,

v=dit—-1)+1=dt—-2)+2

v=d(t—-—1)+1>dit—-2)+2

j=1,...,r

From the solvability condition of Eq. (14), VWHR® =0 (j =
1,...,r),itfollows that

7

E Q(j.k)C(k.Z) — D(Z.j.j)f(Z.j)
s

k=t

k2) k 2 2,k
C( )__Q()CU )*_g( %

j=1,...,t (15a)

k=t+1,...,r (15b)
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where g?P(k=t+1,...,r) are defined by

e
e ] 7L

Substituting Egs. (15b) into the tth equation in Egs. (15a), we
obtain

AW G _ Fup A MY _ AT NG +f@ (16)

where C? and the known matrix f® =[ fn(j)] are defined by

~ - -1
C(I.Z) — I:C‘(]iiZ)] — C(r.O) C(I.Z)

= 0! |:f(z.f> _ Z Q(r.k)g(z.k)i|
k=t+1
+CEOAMTTIA@ 4 vl 1)A<1>“*2A<2>2
2

Comparing the diagonal elements of the matrices on both sides of
Eq. (16), we obtain A®:

—, J=1,....50)

Comparing the nondiagonal elements of the matrices on both sides
of Eq. (16), we obtain the nondiagonal elements of C*2);

J#k, Jok=1,...,5(n)

By using Egs. (15b), the expression for W can be rewritten as
W(Z) W(U)C(I ,2) +g(2) (17)

where the known matrix g® = [g‘(nzl)] is defined by

g® = Wo 4 Z Ukhgh

k=t+4+1

By using Egs. (4a) and (4c), the diagonal elements of C%2 can be
obtained from Eq. (17):

5(1)
~(, > _ O F02) 4 @ .
Zwemkck; 8etii | J=1,....50)

k#]

Thus C“? is completely determined. Then C*:? =CU.OC2),
CkD =QWCt2 4 g0 (k=t+1,...,r), and W? defined by
Eq. (17) can be calculated in turns. Using Eqgs. (15a), we obtain

,
Cliv+2-dM] = <§ Qub kD — d(j)clj.u+1—d<.f>1A<1>“‘f)*‘A<z>

k=t

d(Hld() — 1]

d(j)—1

_Cl.i-Vd(j)]{d(j)A(l) A +

d(j)—2 2 d,
x A0 A<2>} f<2f>)A<‘> v j=1 =1

Then R® defined in Eq. (14) can be determined, and W®+2 =
ADR® can be calculated. The general solution of Eq. (14) can be
expressed as

WO+ = o+ 4 GO 4 Z U*H kv +2 (18)

k=1

Substituting all of the preceding results into the equation for
W®+3 in Egs. (5b) and using the solvability condition of the re-
sultant equation, we can determine A® and W®. In a similar way,
the higher-order perturbation coefficients of the eigenvalues and
eigenvectors can be calculated from the higher-order perturbation
equations.

Case2: A1=0,A;,#0(k=2,...,r)

Inthiscase, whent > 1 orwhent =1 andd(1) = 1, the preceding
method in case 1 can be used to calculate the higher-order pertur-
bation coefficients of the eigenvalues and eigenvectors associated
with the d(¢)th order Jordan blocks, but the preceding method can-
not be used to calculate the higher-order perturbation coefficients
of the eigenvalues and eigenvectors associated with d(1)th-order
Jordan blocks if d(1) > 1 because some of the first-order perturba-
tion coefficients of the eigenvalues is zero. In this case, therefore,
we only have to consider how to calculate the perturbation coef-
ficients associated with the d(1)th-order Jordan blocks with order
v=d(l)>1.

Under the assumption that the eigenvalues of problem (7) are all
simple, problem (7) only has one zero eigenvalue. For certain we
assume that MY =0. Thus, A(l) #0 (j #1). In this case C*D and

2) [j= _s(1)], the other diagonal elements of A® can be
calculated from Eq. (12) by use of the same way in case 1, but A(Z)
cannot be determined from Eq. (12). Define the following known
quantities:

I
&}

W + Z U*EICEDAD, v

W(z) _ k=1

Z [U("-3)C("-0>A(')2 + U("-Z)C("-“A“)], b2

k=1

fen =y [WW*“A“) —BW(Z)], j=1,....r

B =y |:W(”) - B Z U(k'z)c(k'o)i|, j=1...r

k=1

To calculate A(IZ), we rewrite Eq. (16) as

AV EUD _ GUDAO" — A0 A 7 viv =D A TIA@7
2
FuCIDAD A 4 A 4 fO (19)
where

F2 A2) | def ~(1,.0071 | p21
f():[fml]éc( ) |:f( )

Z Q(l.k>gA<z.k>i|

k=2

h = (hy) & €00 [iﬁ“ -

EQ(l.k)h(k)i|

k=2

and §%® and k¥ (k=2,...,r) are defined by

|’§<2.2> h<2>‘| l}(&b i,<2>—|
L=l b
I_g(z.n h(")J I_f(z.n i,(r)J

In this paper it is assumed that /1, # 0. Comparing the first row and
first column elements of the matrices on both sides of Eq. (19), we
obtain

(2) (2)/h“ when v>2 (20a)
A AP fO = when v=2 (20b)
When v =2, h,, and fll are only dependenton A"" [that is, for

different AT we have same Eq. (20b)]. In this paper it is assumed
that when v = 2 the two roots of Eq. (20b) are distinct. So we have
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27 +hy #£0 1)

Thus A\” can be calculated, and A® has been determined com-
pletely. Therefore f? in Eq. (16) now is known:

fO = - 1)/2]1\(1)“*21\(2)2 FuCIDADTIAD L AP 4 fO

Thus, C1» and )\(,.3) [j=2,...,5(1)] can be calculated from
Eq. (16) by use of the same method in case I, but A(13) cannot be
determined yet.

Substituting Eq. (18) and all of the preceding results into the
equation for W*+3 in Egs. (5b), we obtain

AWo+3d — Z ) {C(“)A“)L +pCEDADTIAO

k=1

+C(k'l)|:vA(l)LlA(3) + V(Vz_ 1)A<1>L2A<2>2:|

)v—Z

+C*0 |:VA<1>“A<4> + o = DAV TIADA®
viv — D —2
LoDl —2)

A(1>L3A(2>3i|} F WOHDAD L e +DA@
6

+WOA® —BW® + G ER 4GP (22)

All of the terms except R® on the right-hand side of Eq. (22) are in
NR(A). Define the following known quantities:

7O — Z U [C* VAP 4+ cEOAD]

k=1

T — 70 4 Z U("-3>[ZC("-0)A('>A(2> n C(k.nA(l)Z]

k=1

WO 4 70, v=2
s WO T, V=3
W = .

T® 4+ Z UEHCEOAD’ v >3

k=1
f(3.j) —yi" [W(”“)A“) FWOHDAD _ BWG)]

j=1,...,r

From the solvability condition of Eq. (22), VW#R® =0 (j =1,
..., 1), it follows that

A(l)vé(l‘3) _6(1'3)1\(1)“ — 1)1\(1)v711\(4)
Fo = DAV TADAG L pAD 4 fO (23)

zi)vhg:re C:;”) =19 ¢ and the known quantityf(3) = [fn(j)] is
efined by

r

Fe) _ 107 | B _ (1.6 5G.4) v - DHv -2
f [f ;Q ¢ } + -

« ADTTA@P +é(l'l)|:VA(l)LlA(3) + A Gl 1)A<1>‘2A<2>2i|
2

+pCUDAD T A@

In the preceding equations the known quantitiesg>® (k =2, ..., r)
are defined by

|’§<3.2>‘| '}(3.2)—'
] ]

Although AP is not known now, some matrices such as
ADY"A® | which contain the lproduct of positive powers of A"
and A®, are known because A\’ = 0. Comparing the first row and
first column elements of the matrices on both sides of Eq. (23), we
obtain the first diagonal element of A®:

_fl(f)/hllv v>2

23—
=222 + h ], V=2 (24)

1

The condition (21) has been used in the second expression on
the right-hand side of Eq. (24). Thus, A® has been determined
completely, and

fO =vw-— l)A“)WZA(Z)A“) +hA® +f<3>

is known. By use of the similar way, "> and )\(,.4)[j =2,...,5(D]
can be calculated from Eq. (23), but )‘(14) cannot be determined up
to now. To calculate )‘(14)’ we have to use the solvability condition
of the equation for W+, Usually in order to calculate the first
diagonal element of A, we have to use the perturbation equation
thatis one order higher than the equation needed in determining the
other diagonal elements of A®.

Numerical Example
Consider the 12 x 12 matrix A in Ref. 6 and the 12 x 12 matrix

[3 4 30 2 0 2 -1 1 -2 1 0]
4 -7 0 -4 0 4 —2 2 —4 2 0
4 -8 8 0 -6 0 6 -3 3 —6 3 0
4 =9 101 -8 0 8 —4 4 -8 4 0
4 =9 10 2 10 0 10 -5 5 —10 5 0
|4 0102 -12 0 12 -6 6 -12 6 0
4 -9 10 2 —12 —1 14 -7 7 —14 7 0
4 =9 10 2 —12 -2 16 -8 8 —16 8 0
4 =9 10 2 —12 -3 18 -9 9 —18 9 0
4 -9 10 2 —12 -3 18 -9 10 —20 10 0
4 -9 10 2 —12 -3 18 -9 11 -22 11 0
4 =9 10 2 —12 =3 18 —9 12 —24 12 0

All of the eigenvaluesof A are 1. In the Jordan canonical form of A,
there are three blocks of order 2 and two blocks of order 3. We can
take UMD, U1 yeb ye2 g3 v v asin Ref. 6. For
sufficiently small ¢ > O the eigenvaluesof A + ¢B are 1 + n%, 141,
T+ni;1—n* 1=, 1—ni; 1+n, 1= 1 —no_, 1 +nwy; 1 —
nw,, 1 +nw_; where wy =1 & /3i /2 and n = &'/* for the first two
groups of the eigenvaluesand n = &'/ for the last three groups of
the eigenvalues. The first- to third-order perturbation coefficients
of the eigenvalues in the preceding five groups are, respectively,
0,1,i;1,0,0;0,0,0), (0, -1, —i; —1,0,0; 0, 0, 0), (1, —1; 0,
0;0,0), (—w_, ®;;0,0;0,0), (—w,, w_; 0, 0; 0, 0). If associated
with the jth group of the eigenvalues, we denote the matrix of the
eigenvectors of the perturbed problem, that of the differentiable
eigenvectors, and that of the kth-order perturbation coefficients of
the eigenvectors of the unperturbed problem by W; (), W;.O), and

W;k), respectively (j =1, ...,5;k=1,2,...), then we have



756 ZHANG AND ZHANG

(1 L 02] (1 1 02]
1 2 04 ps % 04
1 1 06 ps 106
Wi(n) = 1 p 08 7 Wa(n) = ps ps 0.8
L p 1 Py ps 1
L o1 p 03 ps P2
L1 o P | o3 ps P2
L 01 L 01
202 2 02
£ 06 £ 06
Wim =1 07}, w.m=|1 07
Pe 0.9 Plo 0.9
ps 1 pio 1
Ps P71 Pio P11
| P6 P3| | P10 P12 |
Ws(n) = Wa(n)
where
_3+4 _ 546in =4y
:01—3+3n7 p2_5+51’777 03—1_2n2
_3-4 _T+8n+8y° _7+87+9°
p4_3_3n7 Ps = 51 s Pe = sl
10— 11 + 1192 10 — 11y + 122
P P
7 — 8nw_ — 8n*w., 7 — 8nw_ — Itw,
Py = T, Pro = T
10+ 1nw, — 11n’w_ 10 + 11nw, — 12n°w_
P = E , P12 = :
4 4

and &=7(1+n+n"), &£=100-n+n?, &=71-nw_—
n*w,), & = 10(1 + nw, —n*w_). In the preceding expressions, as
defined before, = &'/? for the first two groups and n = &'/3 for the
last three groups.

The calculations were conducted with 16 significant decimal dig-
its. The generalized{1}-inversesof singularmatrices were computed
by Gaussian elimination with complete pivot. All of the calculated
perturbationcoefficients of the eigenvaluesare correctalmost within
the machinery accuracy. With at least 13 significant decimal dig-
its the calculated differentiable eigenvectors and the perturbation
coefficients of the eigenvectors are

) ) [0 0 0]
1 % 0.2 0 0 0
12 04 00 0
11 06 05 0
WP =w" =11 1 o8] wP=lo 1 o
b 0 L 02
IR Do
0 % 02i

[0 0 o] [0 0 o |
0 0 0 0 0 0
0 0 0 0 0 0
0 -1 o0 0o -1 o0
(2) (1)
Wim=1o -+ o | W2l=1o0 -1 o
0 -+ 02 0 -4 —0.2i
0 -1 02] 0 -4 —0.2i|
-~ ~ (L 0.1]
0 0 0 : 02
-2 0 0 T
-2 0 0 Do
) _% 0 % 0.6
Wh=1|_, _1 o|. W’=wl=w=]1 07
) 1 08
-2 -1 02 L oo
Do 11
-2 -1 02 L1
11
0 0 0 o
0 0 0 0
T 0 0 0
wisly oo [ W=l o
1
70 7 0
1
i 01 7 0
1
[ 1 —0.1 |7 —0.1
o 0 | [0 0 |
0 0 0 0
wh — —o- /T 0 wo — 0 0
4 —w_/7 0 ’ 4 —w, /7 0
—w_/7 0 —wy /7 0
—w_/7 0.lw, —wy /7 0
| —o_ /7 0.lo, | —w, /7T —0.lo_
W;l) — Wé(tl), W;Z) — W‘(tZ)

By direct Taylor expansion of W;(n) respectto n(j=1,...,95),
we can see that the preceding calculated results are correct.

Conclusions

Under the assumption that Egs. (2) hold, which means that all of
the first-orderperturbationcoefficients of the eigenvaluesare nonze-
ros, and the assumption that all of the eigenvalues of problem (7)
are simple, this paper gives a direct method to calculate the first-
to third-order perturbation coefficients of the eigenvalues and the
first- to second-order perturbation coefficients of the eigenvectors
of a defective matrix. The method is extended to the case where
Ay=0and Ay #0(k=2,...,r), which means that the first-order
perturbation coefficients of eigenvalues associated with the lowest-
order Jordan blocks can have zero value. Numerical examples show
the validity of the method. If we have A, =0 for some k > 1, then
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the earlier methods cannot be used, and in this case we have to find
some new way to do higher-order eigensensitivity analysis.
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